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h-idealAbstract The notion of (regular) left (h,/)-derivations of a BCI-algebra is introduced, some useful
examples are discussed, and related properties are investigated. Conditions for a left (h,/)-deriva-
tion to be regular are provided. The concepts of a d(h,/)-invariant left (h,/)-derivation and h-ideal
are introduced, and their relations are discussed. Furthermore, some more interesting results are
established.
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D license.1. Introduction
Several authors [2–5] have studied derivations in rings and
near-rings. Jun and Xin [6] applied the notion of derivation
in ring and near-ring theory to BCI-algebras, and as a result,
they introduced a new concept, called a (regular) derivation,
in BCI-algebras. Using this concept as deﬁned, they investi-
gated some of its properties. Using the notion of a regular der-
ivation, they also established characterizations of a p-
semisimple BCI-algebra. For a self-map d of a BCI-algebra,
they deﬁned a d-invariant ideal and gave conditions for an
ideal to be d-invariant. After the work of Jun and Xin [6],
many research articles have been appeared on the derivations
of BCI-algebras, and a greater interest has been devoted tothe study of derivation in BCI-algebras (see [1,7–11]). In [1],
Abujabal and Al-Shehri introduced the notion of left deriva-
tion of a BCI-algebra and investigated some related properties.
The aim of this paper is to consider the generalizations of
some results of Abujabal and Al-Shehri [1]. We introduce the
notion of left (h,/)-derivations of a BCI-algebra X and inves-
tigate related properties. We provide conditions for a left (h,/
)-derivation to be regular. We also introduce the concepts of a
d(h,/)-invariant left (h,/)-derivation and h-ideal, and then, we
investigate their relations. Finally, we establish some more
interesting results.
2. Preliminaries
We begin with the following deﬁnitions and properties that
will be needed in the sequel.
A nonempty set X with a constant 0 and a binary operation
\ is called a BCI-algebra if for all x, y, z 2 X, the following
conditions hold:
(I) ((x \ y) \ (x \ z)) \ (z \ y) = 0,
(II) (x \ (x \ y)) \ y= 0,icense.
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(IV) x \ y= 0 and y \ x= 0 imply x= y.
Deﬁne a binary relation 6on X by letting x \ y= 0 if and
only if x 6 y. Then (X,6) is a partially ordered set. A BCI-
algebra X satisfying 0 6 x for all x 2 X, is called BCK-algebra.
A BCI-algebra X has the following properties: for all x, y,
z 2 X
(a1) x \ 0 = x.
(a2) (x \ y) \ z= (x \ z) \ y.
(a3) x 6 y implies x \ z 6 y \ z and z \ y 6 z \ x.
(a4) (x \ z) \ (y \ z) 6 x \ y.
(a5) x \ (x \ (x \ y)) = x \ y.
(a6) 0 \ (x \ y) = (0 \ x) \ (0 \ y).
(a7) x \ 0 = 0 implies x= 0.
For a BCI-algebra X, denote by X+ (resp. G(X)) the BCK-
part (resp. the BCI-G part) of X, i.e., X+ is the set of all x 2 X
such that 0 6 x (resp. G(X) :¼ {x 2 XŒ0 \ x= x}). Note that
G(X) \ X+ = {0} (see [12]). If X+ = {0}, then X is called a
p-semisimple BCI-algebra. In a p-semisimple BCI-algebra X,
the following hold:
(a8) (x \ z) \ (y \ z) = x \ y.
(a9) 0 \ (0 \ x) = x for all x 2 X.
(a10) x \ (0 \ y) = y \ (0 \ x).
(a11) x \ y= 0 implies x= y.
(a12) x \ a= x \ b implies a= b.
(a13) a \ x= b \ x implies a= b.
(a14) a \ (a \ x) = x.
Let X be a p-semisimple BCI-algebra. We deﬁne addition
‘‘+’’ as x+ y= x \ (0 \ y) for all x, y 2 X. Then (X,+) is
an abelian group with identity 0 and x  y= x \ y. Conversely
let (X,+) be an abelian group with identity 0 and let
x \ y= x  y. Then X is a p-semisimple BCI-algebra and
x+ y= x \ (0 \ y) for all x, y 2 X (see [13]).
For a BCI-algebra X we denote x  y= y \ (y \ x), in par-
ticular 0 \ (0 \ x) = ax, and Lp(X) :¼ {a 2 XŒx \ a= 0) x
= a, "x 2 X}. We call the elements of Lp(X) the p-atoms of
X. For any a 2 X, let V(a) :¼ {x 2 XŒa \ x= 0}, which is
called the branch of X with respect to a. It follows that
x \ y 2 V(a \ b) whenever x 2 V(a) and y 2 V(b) for all x,
y 2 X and all a, b 2 Lp(X). Note that Lp(X) = {x 2 XŒax = x},
which is the p-semisimple part of X, and X is a p-semisimple
BCI-algebra if and only if Lp(X) = X (see [14, Proposition
3.2]). Note also that ax 2 Lp(X), i.e., 0 \ (0 \ ax) = ax, which
implies that ax \ y 2 Lp(X) for all y 2 X. It is clear that
G(X)  Lp(X), and x \ (x \ a) = a and a \ x 2 Lp(X) for all
a 2 Lp(X) and all x 2 X. A BCI-algebra X is said to be torsion
free if x+ x= 0) x= 0 for all x 2 X [10]. For more details,
refer to [6,12–15].
3. Left (h,/)-derivations
In what follows h, / are endomorphisms and IX is the identity
map of a BCI-algebra X unless otherwise speciﬁed.
Deﬁnition 3.1 [1]. A self-map D of a BCI-algebra X is called a
left derivation of X if it satisﬁes:ð8x; y 2 XÞðDðx  yÞ ¼ ðx DðyÞÞ ^ ðy DðxÞÞÞ:
Deﬁnition 3.2. A self-map d(h,/) of a BCI-algebra X is called a
left (h,/)-derivation of X if it satisﬁes:
ð8x; y 2 XÞðdðh;/Þðx  yÞ
¼ ðhðxÞ  dðh;/ÞðyÞÞ ^ ð/ðyÞ  dðh;/ÞðxÞÞÞ:
Note that if h= /= IX, then the left (h,/)-derivation of a
BCI-algebra X is a left derivation of a BCI-algebra X, In this
case, d(h, /) is denoted by D.
Example 3.3. Consider a BCI-algebra X= {0,a,b} with the
following Cayley table:
(1) Deﬁne a map
dðh;/Þ : X! X; x#
b if x 2 f0; ag;
0 if x ¼ b;
(
and deﬁne two endomorphisms
h : X! X; x# 0 if x 2 f0; ag;
b if x ¼ b;

and
/ : X! X; x# 0 if x 2 f0; bg;
a if x ¼ a:
(
It is routine to verify that d(h,/) is a left (h,/)-derivation of X.
(2) Deﬁne a map
dðh;/Þ : X! X; x#
0 if x 2 f0; bg;
a if x ¼ a;
(
and deﬁne two endomorphisms
h : X! X; x# a if x 2 f0; ag;
0 if x ¼ b;
(
and
/ : X! X; x# b if x 2 f0; bg;
a if x ¼ a:
(
It is routine to verify that d(h,/) is a left (h,/)-derivation of X.
Proposition 3.4. Let d(h,/) be a left (h,/)-derivation of a BCI-
algebra X. Then
(1) ("x 2 X)(x 2 Lp(X)) d(h, /)(x) 2 Lp(X)).
(2) ("x 2 Lp(X))(d(h,/)(x) = 0 + d(h, /)(x)).
(3) ("x, y 2 Lp(X))(d(h, /)(x + y) = h(x) + d(h,/)(y)).
(4) ("x 2 X)(x 2 G(X)) d(h, /)(x) 2 G(X)).






(2) Let for all x 2 Lp(X). By (1), we have d(h, /)(x) 2 Lp(X).
Then
dðh;/ÞðxÞ ¼ 0  ð0  dðh;/ÞðxÞÞ ¼ 0þ dðh;/ÞðxÞ:








(4) Let x 2 G(X). Then 0 \ x= x, and so
dðh;/ÞðxÞ ¼ dðh;/Þð0  xÞ
¼ ðhð0Þ  dðh;/ÞðxÞÞ ^ ð/ðxÞ  dðh;/Þð0ÞÞ
¼ ð/ðxÞ  dðh;/Þð0ÞÞ  ðð/ðxÞ  dðh;/Þð0ÞÞ  ð0  dðh;/ÞðxÞÞÞ
¼ 0  dðh;/ÞðxÞ
since 0 \ d(h,/)(x) 2 Lp(X). Hence d(h, /)(x) 2 G(X). h
If we take h= /= IX in Proposition 3.4, then we have the
following corollary.
Corollary 3.5 [1]. Let D be a left derivation of a BCI-algebra X.
Then
(1) ("x 2 X) (x 2 Lp(X)) D(x) 2 Lp(X)).
(2) ("x 2 X)(D(x) = 0 + D(x)).
(3) ("x,y 2 Lp(X))(D(x + y) = x + D(y)).
(4) ("x 2 X)(x 2 G(X)) D(x) 2 G(X)).Proposition 3.6. Let d(h,/) be a left (h,/)-derivation of a BCI-
algebra X. Then
(1) ("x 2 X)(x 2 Lp(X)) d(h, /)(x) = h(x) \ d(h,/
)(0) = h(x) + d(h, /)(0)).
(2) ("x, y 2 Lp(X))(d(h, /)(x + y) = d(h,/)(x) + d(h,/
)(y)  d(h, /)(0)).
(3) ("x, y 2 X)(d(h,/)(x \ y) 6 h(x) \ d(h,/)(y)).
(4) If h is the identity map on X, then d(h,/) is identity on
Lp(X) if and only if d(h,/)(0) = 0.Proof.
(1) For any x 2 Lp(X), we havedðh;/ÞðxÞ ¼ dðh;/Þðx  0Þ ¼ ðhðxÞ  dðh;/Þð0ÞÞ ^ ð/ð0Þ  dðh;/ÞðxÞÞ
¼ ðhðxÞ  dðh;/Þð0ÞÞ ^ ð0  dðh;/ÞðxÞÞ
¼ ð0  dðh;/ÞðxÞÞ  ðð0  dðh;/ÞðxÞÞ  ðhðxÞ  dðh;/Þð0ÞÞÞ
¼ ð0  dðh;/ÞðxÞÞ  ðð0  ðhðxÞ  dðh;/Þð0ÞÞÞ  dðh;/ÞðxÞÞ
¼ 0  ð0  ðhðxÞ  dðh;/Þð0ÞÞÞ
¼ hðxÞ  dðh;/Þð0Þ ¼ hðxÞ  ð0  dðh;/Þð0ÞÞ
¼ hðxÞ þ dðh;/Þð0Þ
since h(x) \ d(h,/)(0) 2 Lp(X) and d(h,/)(0) 2 G(X).
(2) If x, y 2 Lp(X), then x+ y 2 Lp(X). Using (1), we have
dðh;/Þðxþ yÞ ¼ hðxþ yÞ þ dðh;/Þð0Þ ¼ hðxÞ þ hðyÞ þ dðh;/Þð0Þ
¼ hðxÞ þ dðh;/Þð0Þ þ hðyÞ þ dðh;/Þð0Þ  dðh;/Þð0Þ
¼ dðh;/ÞðxÞ þ dðh;/ÞðyÞ  dðh;/Þð0Þ:
(3) For any x, y 2 X, we have
dðh;/Þðx  yÞ ¼ ðhðxÞ  dðh;/ÞðyÞÞ ^ ð/ðyÞ  dðh;/ÞðxÞÞ
¼ ð/ðyÞ  dðh;/ÞðxÞÞ  ðð/ðyÞ  dðh;/ÞðxÞÞ  ðhðxÞ  dðh;/ÞðyÞÞÞ
6 hðxÞ  dðh;/ÞðyÞ:
(4) It follows from (1). This completes the proof. h
Deﬁnition 3.7. A left (h,/)-derivation d(h,/) of a BCI-algebra X
is said to be regular if d(h, /)(0) = 0.
Example 3.8.
(1) The left (h,/)-derivation d(h,/) of X in Example 3.3(1) is
not regular.
(2) The left (h,/)-derivation d(h,/) of X in Example 3.3(2) is
regular.
Theorem 3.9. If X is a BCK-algebra, then every left (h,/)-der-
ivation of X is regular.
Proof. Let d(h,/) be a left (h,/)-derivation of a BCK-algebra X.
Then by Proposition 3.6(3), we have d(h,/)(0) = d(h,/
)(0 \ x) 6 h(0) \ d(h,/)(x) = 0 and we have 0 6 d(h, /)(0), so
we obtain d(h,/)(0) = 0. Hence d(h,/) is regular. h
In a BCI-algebra, Theorem 3.9 is not true as seen in the fol-
lowing example:
Example 3.10. In Example 3.3(1), d(h,/) is a left (h,/)-
derivation of a BCI-algebra X which is not regular.
Theorem 3.11. Let d(h,/) be a regular left (h,/)-derivation of a
BCI-algebra X. Then
(1) Both h(x) and d(h,/)(x) belong to the same branch for all
x 2 X.
(2) ("x 2 X)(d(h,/)(x) 6 h(x)).
(3) ("x,y 2 X)(d(h, /)(x) \ h(y) 6 h(x) \ d(h,/)(y)).
G. Muhiuddin, A.M. Al-roqiProof.(1) For any x 2 X, we get
0 ¼ dðh;/Þð0Þ ¼ dðh;/Þðax  xÞ
¼ ðhðaxÞ  dðh;/ÞðxÞÞ ^ ð/ðxÞ  dðh;/ÞðaxÞÞ
¼ ð/ðxÞ  dðh;/ÞðaxÞÞ  ðð/ðxÞ  dðh;/ÞðaxÞÞ  ðhðaxÞ  dðh;/ÞðxÞÞÞ
¼ hðaxÞ  dðh;/ÞðxÞ
since h(ax) \ d(h,/)(x) 2 Lp(X). Hence h(ax) 6 d(h,/)(x), and so
d(h, /)(x) 2 V(h(ax)). Obviously, h(x) 2 V(h(ax)).
(2) Since d(h,/) is regular, d(h,/)(0) = 0. Then
dðh;/ÞðxÞ ¼ dðh;/Þðx  0Þ
¼ ðhðxÞ  dðh;/Þð0ÞÞ ^ ð/ð0Þ  dðh;/ÞðxÞÞ
¼ ðhðxÞ  0Þ ^ ð0  dðh;/ÞðxÞÞ
¼ ð0  dðh;/ÞðxÞÞ  ðð0  dðh;/ÞðxÞÞ  hðxÞÞ
6 hðxÞ:
(3) Since d(h,/)(x) 6 h(x) for all x 2 X by (2). Using (a3), we
have
dðh;/ÞðxÞ  hðyÞ 6 hðxÞ  hðyÞ 6 hðxÞ  dðh;/ÞðyÞ:
This completes the proof. h
Theorem 3.12. For any left (h,/)-derivation d(h,/) of a BCI-
algebra X, the set
d1ðh;/Þð0Þ :¼ fx 2 Xjdðh;/ÞðxÞ ¼ 0g
is a subalgebra of X if h(x) = 0 for all x 2 X. Moreover, if h is
one-one and d(h,/) is regular, then d
1
ðh;/Þð0Þ#Xþ.
Proof. Assume that h(x) = 0 for all x 2 X. Let x; y 2 d1ðh;/Þð0Þ.
Then d(h,/)(x) = 0 = d(h,/)(y), and so
dðh;/Þðx  yÞ 6 hðxÞ  dðh;/ÞðyÞ ¼ 0  0 ¼ 0
by Proposition 3.6(3). Hence d(h, /)(x \ y) = 0 by (a7), that is,
x  y 2 d1ðh;/Þð0Þ. Hence d1ðh;/Þð0Þ is a subalgebra of X.
Assume that h is one-to-one and d(h,/) is regular. Let
x 2 d1ðh;/Þð0Þ. Then 0 = d(h,/)(x) 6 h(x) by Theorem 3.11(2),
which implies that h(x) 2 X+, that is, 0 \ h(x) = 0. It follows
that h(0 \ x) = h(0) so that 0 \ x= 0 since h is one-one.
Therefore, x 2 X+, and thus d1ðh;/Þð0Þ#Xþ. This completes the
proof. h
Deﬁnition 3.13. For a left (h,/)-derivation d(h,/) of a BCI-alge-
bra X, we say that an ideal A of X is a h-ideal (resp. /-ideal) if
h(A) ˝ A (resp. /(A) ˝ A).
Deﬁnition 3.14. For a left (h,/)-derivation d(h,/) of a BCI-alge-
bra X, we say that an ideal A of X is d(h,/)-invariant if d(h,/
)(A) ˝ A.
Example 3.15. (1) Let d(h,/) be a left (h,/)-derivation of X
which is described in Example 3.3 (1). We know that
A :¼ {0,a} is both a h-ideal and a /-ideal of X. But
A:¼{0,a} is an ideal of X which is not d(h,/)-invariant.
(2) Let d(h,/) be a left (h,/)-derivation of X which is
described in Example 3.3(2). We know that A :¼ {0,a} is both
160a h-ideal and a /-ideal of X. Also, A :¼ {0,a} is a d(h,/)-
invariant ideal of X.
Theorem 3.16. Let d(h,/) be a left (h,/)-derivation of a BCI-
algebra X. Then d(h,/) is regular if and only if every h-ideal of
X is d(h, /)-invariant.
Proof. Let A be a h-ideal of X. Suppose d(h,/) is regular, then it
follows from Theorem 3.11(2) that d(h,/)(x) 6 h(x) for all x 2 X
which implies d(h,/)(x) \ h(x) = 0. Let y 2 X be such that
y 2 d(h,/)(A). Then y= d(h,/)(x) for some x 2 A. Thus
y  hðxÞ ¼ dðh;/ÞðxÞ  hðxÞ ¼ 0 2 A:
Note that h(x) 2 h(A) ˝ A. Since A is an ideal of X, it follows
that y 2 A so that d(h,/)(A) ˝ A. Therefore, A is d(h,/)-invariant.
Conversely, suppose that every h-ideal of X is d(h,/)-
invariant. Since the zero ideal {0} is clearly h-ideal and d(h,/)-
invariant, we have d(h,/)({0}) ˝ {0}, and so d(h,/)(0) = 0. Hence
d(h,/) is regular. This completes the proof. h
If we take h= /= IX in Theorem 3.16, then we have the
following corollary.
Corollary 3.17 [1]. Let D be a left derivation of a BCI-algebra
X. Then D is regular if and only if every ideal of X is D-
invariant.
Proposition 3.18. Let d(h,/) be a left (h,/)-derivation of a p-
semisimple BCI-algebra X. Then ("x, y 2 X) (d(h,/
)(x \ y) = h(x) \ d(h,/)(y)).
Proof. Let X be a p-semisimple BCI-algebra. Then for any x,
y 2 X, we have
dðh;/Þðx  yÞ ¼ ðhðxÞ  dðh;/ÞðyÞÞ ^ ð/ðyÞ  dðh;/ÞðxÞÞ
¼ hðxÞ  dðh;/ÞðyÞ:
This completes the proof. h
If we take h= /= IX in Proposition 3.18, then we have
the following corollary.
Corollary 3.19 [1]. Let D be a left derivation of a p-semisimple
BCI-algebra X. Then ("x, y 2 X)(D(x \ y) = x \ D(y)).
Theorem 3.20. Let X be a torsion free BCI-algebra and d(h,/) be
a left (h,/)-derivation on X such that h  d(h,/) = d(h,/). If
d2ðh;/Þ ¼ 0 on Lp(X), then d(h,/) = 0 on Lp(X).
Proof. Let us suppose d2ðh;/Þ ¼ 0 on Lp(X). Let x 2 Lp(X), then
x+ x 2 Lp(X), d(h,/)(x+ x) 2 Lp(X) by Proposition 3.4(1).
Using Proposition 3.6(1) and (2), we have
0 ¼ d2ðh;/Þðxþ xÞ ¼ dðh;/Þðdðh;/Þðxþ xÞÞ
¼ dðh;/Þð0Þ þ hðdðh;/Þðxþ xÞÞ ¼ dðh;/Þð0Þ þ dðh;/Þðxþ xÞ
¼ dðh;/Þð0Þ þ dðh;/ÞðxÞ þ dðh;/ÞðxÞ  dðh;/Þð0Þ
¼ dðh;/ÞðxÞ þ dðh;/ÞðxÞ:
Since X is a torsion free. Therefore, d(h,/)(x) = 0 for all
x 2 Lp(X) implying thereby d(h,/) = 0. This completes the
proof. h
On left (h,/)-derivations in BCI-algebras 161Theorem 3.21. Let X be a torsion free BCI-algebra and let
dðh;/Þ; d
0
ðh;/Þ be two left (h,/)-derivations on X such that
h  d0ðh;/Þ ¼ d0ðh;/Þ. If dðh;/Þ  d0ðh;/Þ ¼ 0 on Lp(X), then d0ðh;/Þ ¼ 0
on Lp(X).
Proof. Let us suppose dðh;/Þ  d0ðh;/Þ ¼ 0 on Lp(X). Let
x 2 Lp(X), then x+ x 2 Lp(X), d(h,/)(x+ x) 2 Lp(X) by































Since X is a torsion free. Therefore, d0ðh;/ÞðxÞ ¼ 0 for all
x 2 Lp(X) and so d0ðh;/Þ ¼ 0. This completes the proof. h
Proposition 3.22. Let d(h,/) be a left (h,/)-derivation of a BCI-
algebra X. If d2ðh;/Þ ¼ 0 on Lp(X), then
ðh  dðh;/ÞÞðxÞ ¼ 12 ððh  dðh;/ÞÞð0Þ  dðh;/Þð0ÞÞ for all x 2 Lp(X).
Proof. Assume that d2ðh;/Þ ¼ 0 on Lp(X). Let x 2 Lp(X). Then
x+ x 2 Lp(X) by Proposition 3.4(1). Using Proposition
3.6(1) and (2), we have
0¼d2ðh;/ÞðxþxÞ¼dðh;/Þðdðh;/ÞðxþxÞÞ¼dðh;/Þð0Þþhðdðh;/ÞðxþxÞÞ
¼dðh;/Þð0Þþhðdðh;/ÞðxÞþdðh;/ÞðxÞdðh;/Þð0ÞÞ¼dðh;/Þð0Þþ2hðdðh;/ÞðxÞÞhðdðh;/Þð0ÞÞ:
Hence ðh  dðh;/ÞÞðxÞ ¼ 12 ððh  dðh;/ÞÞð0Þ  dðh;/Þð0ÞÞ for all
x 2 Lp(X).
This completes the proof. h
Proposition 3.23. Let d(h,/) and d
0
ðh;/Þ be two left (h,/)-deriva-
tions and a of a BCI-algebra X. If dðh;/Þ  d0ðh;/Þ ¼ 0 on Lp(X),




Proof. Let x 2 Lp(X). Then x+ x 2 Lp(X), and so
d0ðh;/Þðxþ xÞ 2 LpðXÞ by Proposition 3.4(1). It follows from




















This completes the proof. hAcknowledgments
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